Fragility of Symmetry Protected Topological Order on a Hubbard Ladder by Moudgalya, Sanjay & Pollmann, Frank
ar
X
iv
:1
41
2.
68
14
v1
  [
co
nd
-m
at.
str
-el
]  
21
 D
ec
 20
14
Fragility of Symmetry Protected Topological Order on a Hubbard Ladder
Sanjay Moudgalya1 and Frank Pollmann2
1Indian Institute of Technology, Kanpur 208016, India
2Max-Planck-Institut fu¨r Physik komplexer Systeme, 01187 Dresden, Germany
Anfuso and Rosch [Phys. Rev. B 75, 144420 (2007)] showed that the “topological” Haldane phase
in a fermionic spin-1/2 ladder can be continuously deformed into a “trivial” phase without explicitly
breaking symmetries when local charge fluctuations are taken into account. Within the framework
of symmetry protected topological phases, we revisit the model and demonstrate how the Haldane
phase can be adiabatically connected to a trivial phase due to charge fluctuations. Furthermore, we
show that the Haldane phase remains stable as long as the system is symmetric under particular
reflection symmetries.
I. INTRODUCTION
Different phases of matter are usually understood in
terms of spontaneous symmetry breaking and can be de-
tected by local order parameters. For example, the Z2
symmetric Ising model has a disordered (symmetric) and
a ferromagnet (symmetry broken) phase which can be
distinguished by measuring the magnetization as a local
order parameter. As long as the Z2 symmetry is not ex-
plicitly broken, it is not possible to adiabatically connect
the two phases, i.e., there is necessarily a phase transition
separating the two phases.
Topological phases represent different kind of phases
that are distinct from trivially disordered phases but can-
not be characterized by symmetry breaking. A partic-
ular class of topological phases are symmetry protected
topological (SPT) phases, i.e., phases that are only dis-
tinct from a trivially disordered phase as long as cer-
tain symmetries are preserved. A well known example
of an SPT phase is the antiferromagnetic spin-1 Heisen-
berg chain. As predicted by Haldane1, an antiferromag-
netic spin chain with integer spins has a gapped ground
state with exponentially decaying correlations. Follow-
ing Haldane’s prediction, Affleck, Kennedy, Lieb, and
Tasaki (AKLT) presented model Hamiltonians for which
the ground state can be obtained exactly.2 In addition to
providing insight to the Haldane conjecture, the AKLT
state was later found to exhibit several interesting prop-
erties, such as a nonlocal “string order” and spin-1/2
edge states, which extend also to states within the same
phase.3
It was then realized that the Haldane phase can be un-
derstood in terms of “symmetry fractionalization”, which
is the defining property of SPT phases. That is, the de-
grees of freedom in the bulk of the system transforms
linear under spin rotation symmetries (spin-1), while the
edge transform projectively (spin-1/2). The Haldane
phase on the spin-1 chain has been shown to be protected
any of the following symmetries: spatial inversion sym-
metry, time reversal symmetry or the Z2×Z2 symmetry.
4
More generally, different SPT phases are understood in
terms of inequivalent projective representation of the
symmetries on the edge degrees of freedom. The pro-
jective representations are classified by the second coho-
mology group H2[G,U(1)].4–8 This classification scheme
can then be applied to a wide range of one-dimensional
models.9–14 Characteristic features of SPT phases include
degeneracies of the entire entanglement spectrum15 (i.e.,
the spectrum of the reduced density matrix) and the exis-
tence of non-local order parameters (e.g., the string order
found in the AKLT state).4,16
However, SPT phases are rather fragile. Beside the
symmetries that protect the phase, it is essential that the
on-site representation of the symmetry is well defined. In
fact, before SPT phases were understood in terms the co-
homology classification, Anfuso and Rosch17 constructed
a fermionic two-leg ladder system that adiabatically con-
nects the spin-1 Heisenberg point with a trivial product
state by tuning it through a band-insulator phase. While
their Hamiltonian explicitly breaks the inversion symme-
try, the Z2 × Z2 and time reversal symmetries are pre-
served along the entire path in parameter space.
In this paper, we revisit the question about the fragility
of SPT phases in the fermionic two-leg ladder using the
framework of 1D SPT phases. We first discuss how
charge fluctuations can affect the SPT phase by a mix-
ing of integer and half-integer on-site representations of
the symmetry. Using matrix-product state (MPS) based
methods, we then calculate the entanglement spectrum
along a path that adiabatically connects the Haldane
with the trivial phase. From the entanglement spectrum,
we observe a continuous crossing of the integer and half-
integer part of the spectrum. Near the Heisenberg point,
the low energy part consists of degenerate half-integer
levels (which is the hallmark of an SPT phase), the high
energy part of the spectrum contains integer levels (cor-
responding to a trivial phase). After passing through a
crossover region, the spectrum is inverted. For an unam-
biguous characterization of an SPT phase, all states in
the entanglement spectrum must belong to either half-
integer or integer representations.4 A related observation
has been made in a different context in a recent work
by Chandran et al. Ref. [18] that discusses the non-
universality of the low-energy part of the entanglement
spectrum. While the physical picture is nicely reflected
in the evolution of the entanglement spectrum, we also
show how charge fluctuations weaken the topological in-
variants of the SPT phase. Finally, we show how the Hal-
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FIG. 1. (Color online) (a) Ladder structure with hopping
amplitudes t1, t2 on the legs and tR and tD on the rungs and
diagonals, respectively. The ladder has a two-site unit cell
which is shaded in cyan. (b) Trivial product state of the spin
ladder with rung singlets (shown by blue ellipsoids) repre-
sentative for the “rung-singlet phase”. (c) Non-trivial SPT
state with singlets on the diagonals and uncoupled edge spin-
1/2 degrees of freedom representative for the “bond-singlet
phase”.
dane phase is protected in the presence of charge fluctu-
ation by symmetry under combined reflections along the
x- and y- axis of the ladder.
This paper is organized as follows. We first introduce
and discuss the model Hamiltonian used for our study
in Section II. In Section III, we briefly review SPT or-
der in 1D and discuss the projective representations of
the symmetry group that characterize the SPT phase.
In Section IV, we discuss the effect of charge fluctua-
tions and its role in mixing symmetry representations.
In Section V, we show our numerical results on the en-
tanglement spectrum and the stability of the SPT phase
in presence of reflection symmetries. We conclude in Sec-
tion VI with implications of this effect to the universality
of the entanglement spectrum and SPT phases.
II. MODEL
We use a Hamiltonian describing a two-leg ladder on a
lattice with the geometry as shown in Fig 1(a), similar to
the one used by Anfuso et al. in Ref. [17]. Hopping terms
are along the legs, rungs and one of the diagonals. Apart
from that, there is an on-site potential U punishing dou-
bly occupied sites. The explicit form of the Hamiltonian
is
H =
∑
i,α,σ
(−tαc
†
α,i,σcα,i+1,σ + h.c.+
U
2
nα,i,σ)
+
∑
i,σ
(−tRc
†
1,i,σc2,i,σ − tDc
†
1,i+1,σc2,i,σ) + h.c.
+ U
∑
i,α
nα,i,↑nα,i,↓,
(1)
where α counts the two legs of the ladder, i represents
sites along the ladder’s length, and σ counts the spins (up
and down) on each site. This Hamiltonian spans a huge
phase diagram with the parameters {tR, tD, t1, t2, U}.
To understand the phase diagram, we find it useful
to first consider an effective low-energy model in the
limit of large U at half filling. The Hamiltonian can
then be mapped to a Heisenberg model by performing a
Schrieffer-Wolff transformation19 with two localized spin-
1/2 degrees of freedom per unit cell:
H =
∑
i
(
JR~S1,i.~S2,i + JD ~S1,i+1.~S2,i + J1~S1,i.~S1,i+1
+J2~S2,i.~S2,i+1
)
,
(2)
where Ji = 4t
2
i /U . The phase diagram of this ladder can
be easily visualized by unfolding it into a 1D chain by
considering the sites along the rungs and the diagonals
as nearest neighbors. Consequently, the 1D spin chain
has alternating interaction strengths JD and JR between
nearest neighbors and J1 and J2 between alternating
next-nearest neighbors. If JD < JR and J1 = J2 = 0, the
ground state is a unique state of singlets between one set
of nearest neighbors (rungs) which is protected by a finite
gap (the energy needed to break one singlet). This state
is adiabatically connected to a “rung-singlet” products
state shown in Fig 1(b). If JD > JR and J1 = J2 = 0,
the ground state is again gapped but now forms singlets
between the other set of nearest neighbors (diagonals).
This state is adiabatically connected to a “bond-singlet”
state shown in Fig 1(c). The two free spin-1/2 degrees of
freedom at the edges yield a robust four fold degeneracy.
In fact, this state can be adiabatically transformed into
a spin-1 Haldane chain by projecting each rung onto an
S = 1 state (e.g., by introducing a ferromagnetic rung-
coupling).20 At JD = JR, the gap closes and system un-
dergoes a phase transition between the rung-singlet and
the bond-singlet phase. Moreover, it can be shown that
an adiabatic connection of the two phases is still not pos-
sible by varying J1 and J2.
21,22 As emphasized by Bon-
esteel et al. in Ref. [23], the phases for JR < JD and
JR > JD are distinct by the fact that cutting a vertical
line in the ground state wavefunction would cut an odd
number of singlets in the bond-singlet phase and an even
number of them in the rung-singlet phase. This is in fact
directly related to the distinction of different SPT phases
as discussed in the following section.
3Let us now consider the full Hamiltonian Eq. (1). In
Ref. [17], Anfuso and Rosch showed that a path adiabati-
cally connecting the bond-singlet (topological) and rung-
singlet (trivial) phase exists in the parameter space. The
path is shown in Fig. 2. In particular, the path found
connects the two ground states with tD = 1, tR = 0 and
tD = 0, tR = 1 at t1 = t2 = 0, U → ∞ (i.e., the rung-
and the bond-singlet states). For this, the interaction
strength is first adiabatically lowered to U = 0 while
keeping tD = 1, tR = 0 and t1 = t2 = 0 fixed. The
non-interacting fermion system is then solved exactly for
which the two bands have energies17
E (k) = (t1 + t2) cos (ka)± {(t1 − t2)
2
cos2 (ka)
+ (tR − tD)
2 + 2tRtD [1 + cos (ka)]}
1
2 .
(3)
It is easy to see that a path connecting the two limits
tR = 1, tD = 0 and tR = 0, tD = 1 without closing
the gap can be found for some t1 6= t2. Thereafter, the
interaction strength is again increased adiabatically to
the limit of U → ∞ while keeping tD = 0, tR = 1 and
t1 = t2 = 0 fixed. By this, the two phases, that were
distinct SPT phases in the Heisenberg model Eq. (2), are
now adiabatically connected without breaking the sym-
metries protecting it (e.g., the spin rotation or time re-
versal symmetry)!
III. BRIEF REVIEW OF SPT ORDER IN 1D
Here we briefly reiterate the concept of SPT phases
in 1D and introduce the notations used. For a com-
plete discussion, we refer to the existing literature on
this subject.4,6,8,24
Ground states of gapped 1D local Hamiltonians can
be efficiently represented by a Matrix Product State
(MPS).25 The MPS of a translationally invariant, infi-
nite chain can be expressed in the canonical form26
|ψ〉 =
∑
{j}
Tr
[
. . .Γj1ΛΓj2Λ . . .
]
| . . . j1j2 . . . 〉. (4)
Here Γji is a d × χ × χ tensor where d is the dimension
of the local Hilbert space at lattice site i. The matrices
are chosen such that multiplying all matrices to the left
(right) of a given bond yield left (right) Schmidt states
of a Schmidt decomposition of the chain into two half
chains at that bond. The χ×χ diagonal matrix Λ on the
bond contains the corresponding Schmidt values. Recall
that in the Schmidt decomposition, a state |Ψ〉 ∈ H is
decomposed as
|Ψ〉 =
∑
α
Λα|α〉L ⊗ |α〉R, |α〉L(R) ∈ HL(R), (5)
where the states {|α〉L(R)} form an orthogonal basis of
Hilbert space describing the left (right) part of the cut
HL (HR) and Λα ≥ 0. The entanglement spectrum
{ǫα}
15 is defined in terms of the Schmidt spectrum {Λα}
by
Λ2α = exp(−ǫα) (6)
for each α.
If an MPS in canonical form is invariant under an in-
ternal symmetry operation g ∈ G represented in the spin
basis as a unitary matrix ug that is applied to all sites,
then the Γj matrices must transform under ug in such a
way that the product in Eq. (4) does not change (up to
a phase). The transformed matrices can thus be shown
to satisfy4,27
∑
j′
(ug)jj′Γ
j′ = eiθgU †gΓ
jUg, (7)
where Ug is a unitary matrix that commutes with the
Λ matrices, and eiθg is a phase factor. As the symme-
try element g is varied over the whole group, a set of
phases eiθg and matrices Ug results. The phases form
a 1D representation (i.e., a character) of the symmetry
group. The matrices Ug form a χ−dimensional (projec-
tive) representation of the symmetry group. A projective
representation is an ordinary regular representation but
up to phase factors. For example, if gh = k with g, h ∈ G,
then UgUh = e
iρ(g,h)Uk. The phase angles ρ(g, h) are
called the “factor set” of the representation. If all phase
factors are identities, the representation is a linear one.
This factor set can be used to classify different symmetry
protected topological phases in 1D.4,6,8,24
Consider for example a model with localized integer
degrees of freedom on each site that is invariant under
a Z2 × Z2 symmetry of rotations Rx = exp(iπS
x) and
Rz = exp(iπS
z). The phases for each spin rotation (e.g.,
U2x = e
iα
1) can individually be removed by redefining
the phase of the corresponding U -matrix. However, the
representations of RxRz and RzRx can also differ by a
phase, which turns out must be ±1. Thus there are two
different SPT phases in the presence of Z2 × Z2 which
differ by the the gauge invariant quantity
P = UxUzU
†
xU
†
z . (8)
If P = 1, the state is in a trivial phase and can be adi-
abatically connected to a product state while preserving
the Z2 × Z2 symmetry, while it is in an SPT phase that
cannot adiabatically be a product state if P = −1. As
shown in Ref. [4], the latter case implies that the entire
even degeneracy must to have an even degeneracy.
This concept can now be directly applied to the effec-
tive Heisenberg ladder Eq. (2). For this we first group
the two-site unit cell to one site with local dimension
d = 4 so that the resulting model has an integer spin
per site (i.e., S=0,1). A state with perfect rung-singlet
order is a simple product state for which we find that
Ux = Uz = 1 and thus P = 1. A bond-singlet state is
an MPS of bond dimension χ = 2 that transforms under
the spin rotations by Ux = σx and Uz = σz with σx, σz
4being the Pauli matrices. Since the Pauli matrices anti-
commute, we find that P = −1 and thus the phase is an
SPT phase, actually the Haldane phase.
IV. FRAGILITY OF SPT ORDER
The full Hamiltonian Eq. (1) allows the fermions to
hop and thus one can have either integer or half-integer
per unit-cell, i.e., the total spin per unit cell is S = 0,
1/2, or 1. Let us again group the two-site unit cell to
one site which has a local dimension of d = 16. The on-
site representation of the spin-rotations is either linear or
projective, depending on whether an even or odd number
of fermions present. This mixing of the representation
leads to a so-called “grading” of the representation.
It is easy to see that the π-rotation operators Rx and
Rz acting on a single spin-1/2 fermion are given by the
corresponding Paul matrices. On a state with an even
(odd) number of fermions, they are just the product of
even (odd) number of Pauli matrices. Since the rotation
operators Rx and Rz do not change the spin of the sites
they act on and products of an even (odd) number of
Pauli matrices commute (anti-commute), they must be
Z2-graded. That is, they split into two parts that act
separately on the integer and half-integer states without
mixing them. This is also evident from the fact that
the algebra C of the Pauli matrices (Clifford algebra) is
Z2-graded. That is, the operators in the algebra split
into two parts that do not mix with operators containing
even (C0) and odd number (C1) of Pauli matrices and
C = C0 ⊕ C1.28 Because of the properties of Z2-graded
algebras, operators in C0 commute whereas the operators
in C1 anti-commute. Hence any representation of the
rotation operators operators (including the U matrices)
are block-diagonalized into integer and half-integer parts.
The matrix P , as defined in Eq. (8), thus has the form
P = (+1)⊕ (−1). Thus, P is a χ dimensional diagonal
matrix with pα = ±1 along its diagonal, depending on
whether the corresponding basis state transforms linearly
or projectively. Since P commutes with the matrix Λ,
we can associate a phase pα with each Schmidt value
Λα. As argued above for the Haldane phase, every Λα
corresponding to pα = −1 has an even degeneracy.
The charge fluctuations present at any finite U < ∞
causes the non-zero Schmidt values of the ground state
to contribute to both sectors. Starting from the Haldane
phase, we can then for example continuously increase the
Schmidt values for the integer states, and correspond-
ingly decrease the Schmidt values for the half-integer
states. This can be continuously taken to the limit where
the Schmidt values for the half-integer states vanish, and
all the states are integer states. Consequently, the “frac-
tionalized edge modes” can mix with the bulk and there
is no topological separation between the trivial phase and
the Haldane phase when charge fluctuations are allowed.
A similar argument can be made for the time-reversal
symmetry that protects the SPT order in the absence of
U
Uc
t
R 
/tD1
Topological Trivial
0
0.5
(a)
(b)
(c)
FIG. 2. The phase diagram for Hamiltonian Eq. (1) for
t1 6= t2. The dashed lines indicate the path for adiabatic con-
nection of the two phases. (a) From the “topological” bond-
singlet phase, U can be continuously decreased from a large
value to a small value below Uc. (b) For any value U < Uc, tR
and tD can be tuned from tR/tD < 1 to tR/tD > 1 without
a phase transition. (c) U can then be continuously increased
to a large value, leading to the “trivial” rung-singlet phase.
charge-fluctuations and the same fragility applies. Note
that charge fluctuations are absent in Eq. (2) (after a
Schrieffer-Wolff transformation), and the SPT phase is
well defined.
V. NUMERICAL RESULTS
We now study Hamiltonians Eqs. (1) and (2) while tun-
ing from the Haldane phase to the trivial phase by vary-
ing tR/tD. The ground state is found using the infinite
Time Evolution Block Decimation (iTEBD) algorithm.26
For our simulations, we make use of two U(1) symme-
tries, conserving both magnetization and total charge in
the system. The main results are summarized in Fig 3.
A. Without Reflection symmetry (t1 6= t2)
We first consider the less symmetric case with t1 6= t2
for which the Haldane phase is protected by spin rotation
and time reversal symmetry. Figure 3(a) shows the even
degeneracy of the effective Heisenberg model Eq. (1) for
J1 = 0.01 and J2 = 0.04. We observe a phase transition
at JD = JR from the Haldane phase, in which all states
in the entanglement spectrum have an even degeneracy,
to a trivial phase with only accidental degeneracies. The
states represented in red transform projectively under
the symmetry (half-integer spin with pα = −1) and the
state represented in black transform linearly (integer spin
with pα = +1). At the point of the phase transition,
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FIG. 3. (Color online) The entanglement spectrum for (a) the effective Heisenberg model Eq. (2) and (b) the full model
Eq. (1). The color of the dots indicates whether the corresponding Schmidt states yield half-integer (red) or integer (black)
representation of the spin rotation symmetries. The lower panels (c) and (d) show the evolution of the corresponding “non-local”
order parameter for the two models (see text for details).
the correlation length diverges and the “non-local” order
parameter29
O = Tr
(
UxUzU
†
xU
†
z
)
/χ (9)
shows a jump from −1 to +1 in Fig. 3.
Fig. 2 shows the phase diagram for the full Hamilto-
nian Eq. (1). The entanglement spectrum as a function of
tR/tD for U = 0.5, t1 = 0.1 and t2 = 0.2 (path Fig. 2(b))
is plotted in Fig. 3(b). Most noticeably, no phase tran-
sition occurs and no singularities are visible along the
path. In the topological phase in the upper left corner
of Fig. 2, the integer states are high up in the entangle-
ment spectrum, and the entire spectrum consists of half-
integer states. Along path Fig. 2(a), the integer states
descend in the entanglement spectrum. In Fig. 3(b), for
small tR/tD, the upper and lower doublets correspond to
integer and half-integer states respectively. As one in-
creases the rung hopping tR, the half-integer levels (red)
remain degenerate because they are protected by the pro-
jective nature of the symmetry whereas the integer levels
(black) split. In the low energy entanglement spectrum,
there is a crossover between the integer levels and the
protected half-integer doublets. This is a manifestation
of the Schmidt values corresponding to integer states ex-
ceeding the Schmidt values for the half-integer states due
to the grading of the representations. This effect also be-
comes clear in the order parameter defined in Eq. (9) and
plotted in Fig. 3(d). It continuously changes from nega-
tive to positive values, indicating that the phases can be
adiabatically connected.
An adiabatic crossover is found for any value of U < Uc
due to the mixing of inequivalent representations of the
Z2 × Z2 symmetry. The critical Uc is numerical very
difficult to determine using the iTEBD method due to
the large entanglement – from simulations with bond di-
mensions χ ≤ 150 we estimate Uc ≈ 1.7 for the hopping
amplitudes as defined above. The reason for expecting
6the gap to close for U > Uc is due to the similarity of this
model with the 1D ionic Hubbard model as discussed in
Ref. [17]. This implies in terms of the entanglement spec-
trum that the integer states still split but the Schmidt
values do not exceed those for the half-integer states be-
fore tR/tD = 1. Note that if tR/tD is tuned for a large
value of U > Uc along the path Fig. 2(b), the low energy
part of the spectrum would look identical to Fig. 3(a).
B. With reflection symmetry (t1 = t2)
In the presence of additional (spacial) symmetries, the
Haldane phase turns out to be robust. If t1 = t2 in
Eq. (1), one cannot avoid the phase transition, even with
charge fluctuations. The entanglement spectrum for this
case with t1 = t2 = 0 is plotted in Fig 4(b). There is a
phase transition at tD = tR and as seen in the entangle-
ment spectrum, the tR/tD < 1 phase has an even degen-
eracy everywhere, suggesting the existence of a symmetry
protected topological (SPT) phase.
Setting t1 = t2 introduces a combined reflection sym-
metry of the lattice, where the ladder is inverted about
the vertical axis, and sites on the top and bottom chains
are interchanged, as shown in Fig 4. To check if this is
the symmetry that protects the phase, we look at the
projective representations in the edge. Correspondingly,
in the MPS, Γ→ ΓT (because of the inversion symmetry
about the vertical axis) combined with an on-site opera-
tor f that flips the top and bottom sites in the unit cell.
The equation for transformation of the MPS is
∑
j′
fjj′Γ
T
j′ = e
iθRU †RΓjUR (10)
The representations UR for this symmetry operation can
be calculated as prescribed by Ref. [4], and one notices
that this symmetry indeed protects the Haldane phase.
The order parameter corresponding to the combined re-
flection symmetry29 can be used to distinguish the two
phases by
O = Tr(URU
∗
R)/χ. (11)
This quantity takes the value of −1 in the Haldane phase
and +1 in the trivial phase. As seen in the entanglement
spectrum in Fig 4(b), the Z2×Z2 symmetry is still graded
and does not protect the phase.
VI. CONCLUSION
We revisited the question about the fragility of the
topological Haldane phases in a fermionic Hubbard lad-
der originally proposed by Anfuso and Rosch [17] in the
framework of symmetry protected phases. We showed
that charge fluctuations allow for an adiabatic path be-
tween the “topological” Haldane phase and a “trivial”
(a)
0.0 0.5 1.0 1.5 2.0
tR /tD
2
4
6
8

2
lo
g(
	


)
(b)
FIG. 4. (Color online) The reflection symmetric case of
Hamiltonian Eq. (1) with t1 = t2 (a) The operation on the
lattice that leaves the Hamiltonian Eq. (1) and the state in-
variant. The dashed lines represent reflection about the line.
(b) Entanglement Spectrum for t1 = t2. The color of the dots
indicates whether the corresponding Schmidt states yield half-
integer (red) or integer (black) representation of spin rotation
symmetries.
phase while preserving symmetries as integer and half-
integer on-site representations of the symmetry group are
mixed. Using matrix-product state (MPS) based meth-
ods, we numerically calculated the entanglement spectra
along a path connecting the two phases and observed a
continuous crossing of the integer and half-integer part
of the spectrum. If the charge fluctuations are projected
out (Schrieffer-Wolff transformations), we found that the
Haldane phase is well defined and separated from the
trivial phase through a phase transition. Furthermore,
we showed that the Haldane phase is protected in the
presence of charge fluctuation in the presence of a com-
bined reflection symmetry of the ladder.
On a different note, Chandran et al. [18] have ques-
tioned the validity of the universal nature of the low-
energy part of the entanglement spectrum. They argued
that physical observables are obtained at an entangle-
ment temperature of TE = 1 in the Entanglement Hamil-
tonian HE defined as ρred = exp (−HE/TE), whereas
the low energy entanglement spectrum corresponds to
TE → 0. They also illustrated in models where HE can
undergo a phase transition when H does not, meaning a
phase transition in the boundary but not in the bulk. In
the model considered here, if one simply looks at the low
energy entanglement spectrum to characterize the phase
in Fig 3(b), one would infer that there are two distinct
7phases. However, they are the same phase as the two
limits are connected by a smooth crossover. It is thus
essential that the entire spectrum shares the same prop-
erties for a phase to be well defined.
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